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6[K].—CrarLEs W. DU~NETT, “Tables of the bivariate normal distribution with
correlation 1/4/2, 1958, 28 ecm. Deposited in UMT File.

The bivariate normal probability distribution,

N 1 f”f” 1 x2—2r:cy+y2>]
L(h, k;r) —2————————1\/1__13 A expl: 2(-—-—————1 — dzx dy,

has been tabulated by Karl Pearson [1] for r = —1.0(.05)1.0. The present tables
were prepared to avoid the necessity of interpolating in Pearson’s tables when
r = +1/4/2. This case arises in certain double sampling procedures in which
probability statements concerning X and X 4 Y jointly are required, where X and
Y are independent normal chance variables with the same variance.

The tables were computed on a Royal McBee LGP-30 electronic computer, by
numerical quadrature, using the relation

L(h k;7) = f: [1 - F(’lc = :f)]f(x) de

where f(z) = (1/4/2x) exp (—2°/2) and F(z) = [z f(z) dz. The function is tabu-

lated for r = 1/4/2 in Table I and for r = —1/4/2 in Table II for positive values
of its arguments, h varying in steps of 0.1, and k varying in steps of 0.14/2. All
entries are given to six decimals and should be correct to this number of places.

The function can be determined for negative values of its arguments by using
the relationships

L(=h k;r) = L(=%, k;1) = L(h, k5 =)
L(h, —k;) = L(h, —;7) = L(h, k5 =)
L(=h, —k;r) = L(k ki) + 1 = L(h, —;7) = L(—, k;7)

where L(h, —»;r) = L(—, h;r) = 1 — F(h), which is the right-hand tail area
of the univariate normal distribution. In order to avoid the necessity of consulting
tables of F(h), these values are included in the table.

Tables III, IV and V were computed from Tables I and II using these relation-
ships. The error in the entries in Tables III and IV should be no greater than a unit
in the sixth decimal place. The error in the entries in Table V should be no greater
than two units in the sixth decimal place. All tables have been deposited in the Un-
published Mathematical Tables repository.
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The main table occupies pages 23-522 and gives values for
z = 0(.001)15(.01)100.
of the eight functions
Ina),  Jin(a) = [ i 2lu) g,

Y.(2),  Yie) = [ 2% g,
: U
where n = 0 and 1. The values are to 7D or, near singularities at the origin, 7S
Auxiliary functions (detailed below) are provided for z = 0(.001).150. Over the
range z = 1.350(.001)15 there are no differences, and linear interpolation provides
results correct within two units of the last place. Second differences are required for
some functions in parts of the ranges z = .150(.001)1.350 and z = 15(.01)100;
the quantities printed (when greater than about 16) are sums of two consecutive
second differences, for use in Bessel’s formula.

The values of Jo(x) and J,(z) are rounded to 7D from the well-known Harvard
tables, and are included for convenience; the values of the other six quantities
result from original computations, and may be checked only partially against
previous, less extensive, tables which are listed in a bibliography. The integrals
Jio(z) and Ji,(x) were computed by Simpson’s rule on an electronic computer and
other machines. The functions Yo(z), Y:(z), Yio(z), and Yi;(z) were evaluated
on the electronic computer BESM, using Taylor series and asymptotic expansions.
All values were checked by differencing. By means of formulas given on pages 11-12,
the integrals of Jo(w), Ji(n), Yo(w), and Y,i(u), not divided by u, may be simply
expressed in terms of the tabulated functions.

The nine auxiliary functions given on pages 17-19 are all tabulated for z =
0.(.001).150 to 7D without differences. The functions are:

Liy(z) = Jip(x) + In 32
Colz) = Yolx) = (2/m)Jo(x) In x Fo(z) = (2/m){Jio(z) + In 2}
Ci(x) = 2 Yi(x) — (2/m)Ji(x) Ing}  Eyz) = (2/m){Ja(z) — 1}
Do(z) = (2/7)Jo(x) W(x) = Yig(z) — (2/7) In 2{Ji(z) + } In z}
Di(x) = (2/m)Ji(x)  Fi(x) = 2{Yi(x) + (2/m) Inall — Jiu(z)})

It is stated that the errors do not exceed 0.6 final unit, except that they may
attain one final unit in the case of the auxiliary functions Co(z), Ci(z), Fo(z), and
F 1(17) .

A table of the Bessel coefficient 1t(1 — ¢) for ¢ = 0(.001)1 to 5D without differ-

ences is given on page 523 and also on a loose card.
A. F.
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